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Quadrupole topological insulator, which supports robust corner states, has been 
recently demonstrated in two-dimensional (2D) spatial lattices. Here, we design 
the first photonic quadrupole topological insulator in fully synthetic spaces with 
the utilization of 0D optical cavity. The frequency and orbital angular 
momentum (OAM) of light are used to form the 2D synthetic spaces. Four 
degenerate polarization states are mapped to the internal lattice sites within the 
unit cell. By suitably engineering the coupling between cavity modes with 
different frequencies, OAMs and polarizations, the ideal synthetic quadrupole 
topological insulators are obtained. By using the robust synthetic corner state, we 
present the possibility for achieving topological protection of multi-photon 
entangled states. Our designed synthetic photonic quadrupole topological 
insulators propose a unique platform to investigate higher-order topological 
phases in 0D system and possess potential applications in quantum information 
and communications. 
 
The exploration of topological physics in both solid materials1,2 and classical waves 
systems3-6 has become one of the most fascinating frontiers in recent years. Based on 
the bulk-boundary correspondence principle, most of the D-dimensional topological 
systems studied so far are always featured by the (D-1)-dimensional boundary state7-22. 
Recently, a new class of symmetry-protected higher-order topological insulators that 
possess lower-dimensional boundary states and obey a generalization of the standard 
bulk-boundary correspondence have been introduced23-35. One example is given by 
the quadrupole topological insulator, which can exhibit (D-2)-dimensional topological 
states protected by the quantized bulk quadrupole polarization. Motivated by this 
novel property, many experimental implementations of the 2D quadrupole topological 
phase with 0D corner states have been realized in microwave36, phononic37, 
photonics38 and electrical circuit systems39. However, the designed structures typically 
have complex geometries in 2D real spaces. This makes the realization of multipole 
topological phases in higher-dimensional spaces become extremely difficult. 
Consequently, achieving quadrupole topological phases in a simple and even 
lower-dimensional system is needed to be explored. 
On the other hand, except for the real physical dimensions, various degrees of 
freedom in photonic systems, such as frequency40-43, OAM44, 45 and external structural 
parameters46-49, are also able to be used to construct the synthetic space where the 
innovative light control and quantum information processing may been realized. 
Based on the synthetic dimension in photonics, we can also easily investigate 
higher-dimensional physics with lower-dimensional structures. For example, the 
Bloch oscillation in synthetic space along the frequency axis has been realized using a 
single dynamically modulated ring resonator50. The effective magnetic field for 
photons in the 2D synthetic space is achieved in one optical cavity, where the 
topologically protected one-way edge state along the OAM- or frequency-axis 
appears51. In addition, the 3D topological phases, such as Weyl point and topological 
insulators, can be constructed using 2D systems with an auxiliary synthetic 
dimension52-54. Furthermore, some novel topological phenomena beyond 3D, such as 
4D quantum Hall effect, can also be implemented with the help of synthetic 
dimensions48. It is therefore relevant to ask whether the synthetic dimensions can be 
used to construct the higher-order topological phases in the lower-dimensional space. 
In this Letter, we design a photonic quadrupole topological insulator in synthetic 
2D spaces with the utilization of dynamically modulated 0D optical cavity. The 
frequency and OAM of light are used to form a 2D synthetic space. Four polarization 
states are mapped to internal lattice sites within the unit cell. By using this synthetic 
corner state, we propose that the topological protection of multi-photon entangled 
states may be achieved. Our work presents a new way to investigate higher-order 
topological phases in lower-dimensional system and possesses potential applications 
in quantum information and communications. 
 
Results 
Design of photonic quadrupole topological insulators with synthetic dimensions. 
To design the synthetic quadrupole topological insulators, it is important to map 
different degrees of freedom in photonic systems to the actual tight-binding lattice 
model with quantized bulk quadrupole polarization. The general conceptual drawing 
is graphically shown in Fig. 1a. Here, the frequency and OAM of light are set as 
two-axes in synthetic spaces. Four linked polarization states with the same frequency 
and OAM are mapped to the intra-cell coupling condition (enclosed by the red dotted 
box). Four polarization angles used here are set as θ=0deg (purple site), 45deg 
(orange site), 90deg (red site) and 135deg (green site), respectively. Additionally, the 
connected lattice sites with different frequencies or OAMs represent the inter-cell 
couplings (enclosed by the black dotted box). By suitably designing the coupling 
strength between these states with different frequencies, OAMs and polarizations, the 
ideal quadrupole topological insulators in the synthetic space can be obtained.  
In the following, we prove that the above proposed scheme can be actually 
realized with the utilization of 0D optical cavity. Here, the designed optical cavity 
should support a set of equally spaced resonant modes (ωn=ω0+nΩ) when the 
dispersion effect is ignored. ω0 is the frequency of the 0th mode, Ω=2πc/L≪ω0 is the 
free-spectral range of the optical cavity with the loop length being L. n is an integer 
marking the mode index in frequency axis. In addition, all optical elements in the 
cavity are chosen to have cylindrical symmetry, where the degenerated 
Laguerre-Gaussian modes with different radial (p) and azimuthal (l) indexs exist51. 
Moreover, each cavity mode with fixed OAM and frequency should possess four 
allowed polarization states (θ=0, 45, 90 and 135deg). Hence, the electric field E in 
this optical cavity can be expanded as: 
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where Cl,n,θ is the amplitude for the cavity mode at frequency (ωn), OAM (l) and 
polarization (θ). Al,n,θ(r) is the corresponding modal profile perpendicular to the 
direction of beam propagation. ϕ denotes the azimuthal coordinate. These different 
cavity modes (Cl,n,θ) can be mapped to the synthetic lattice sites in Fig. 1a. In this case, 
the synthetic quadrupole topological insulator is able to be created by suitably 
engineering the coupling strength between these cavity modes. To fulfill the ideal 
coupling configuration, the large optical cavity consisting of three parts (polarization 
cavity, OAM cavity and frequency cavity) is designed, as shown in Fig. 1b.  
The intra-cell coupling within the synthetic lattice model can be achieved by 
using the designed polarization cavity (enclosed by the red dot box), where eight 
kinds of polarization conversions “0deg 45deg 90deg 135deg 0deg” with 
fixed frequency and OAM exist. For this requirement, eight loops in the designed 
polarization cavity (the same length L with the modal coupling phase being 
0/ /ni L c i L ce e
  ) are used to perform these transformations, respectively. We note that 
each loop contains the designed polarization selection (only specific polarization state 
can pass through) and rotation (θ→θ+45deg) operations, as marked by the colored 
triangles and squares, so that the required polarization conversion can be achieved. It 
is important to note that the negative intra-cell coupling should be introduced when 
the polarization conversion of “0deg 135deg” is carried out. This can be easily 
achieved by adding a π phase delay (marked by yellow rectangles in Fig. 1b) in the 
specific cavity loop. Moreover, the reflectivity of beam splitters (BS) used here 
should be suitable engineered [R(BS1)=0.25, R(BS1)=0.33 and R(BS3)=0.5] to make 
the absolute value of the allowed intra-cell coupling coefficients become identical. 
 Figure 1 | Design of synthetic quadrupole topological insulator in zero-dimensional cavity. (a) The lattice 
model of quadrupole topological phases in synthetic 2D spaces. The frequency and OAM of light are set as 
two-axes in synthetic spaces. Four polarization states θ=0deg, 45deg, 90deg and 135deg are considered as the 
internal lattice sites within the unit cell. The red and black dot boxes marked the intra- and inter-cell coupling 
conditions. (b) The designed 0D optical cavities, which include three cavities (polarization, OAM and frequency 
cavities), can realize the quadrupole topological insulator in synthetic spaces.  
Based on the coupled mode theory, the change of the modal amplitude after each 
round-trip within the polarization cavity can be expressed as (the coupling phase 
0 /i L ce

 is a global phase, which can be neglected without loss of generality):  
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where the value of coupling coefficient is expressed as χ=R(BSA) 
*R(BS1)*R(BS3)=a/8 (a is the reflectivity of the ‘BSA’). It is clearly shown that our 
designed modal conversion configuration induced by the polarization cavity is 
identical to the intra-cell coupling of the lattice model with quantized bulk quadrupole 
polarization. 
On the other hand, to introduce the appropriate inter-cell coupling between 
different unit cell in synthetic spaces, two other cavities with either OAM or 
frequency control are designed (enclosed by the black dot box in Fig. 1b). Firstly, we 
focus on the modal coupling with different OAM indexs (but the same frequency) by 
using a cavity (four loops) with OAM modulation. Here, the length of each loop is 
equal to be L so that the global coupling phase 0
/i L c
e

 can be neglected. To fulfill the 
ideal coupling between cavity modes with different OAMs, each loop should possess 
a spatial light modulator (SLM) with a broad bandwidth to change the OAM of light 
by either +1 or -1. In addition, each cavity loop also has engineered polarization 
control to achieve the required polarization conversions (0deg 1l

 135deg, 135deg 
1l

 0deg, 45deg 1l

 90deg and 90deg 1l

 45deg). Also, a π phase delay is applied to 
introduce the negative inter-cell couplings for 0deg 1l

 135deg and 135deg 1l

 0deg. 
In this case, the variation of cavity modes with the light travelling a round-trip within 
the OAM cavity can be expressed as: 
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where the coupling coefficient can be expressed as κ=[1-R(BSA)]*R(BSB)*R(BS1)= 
(1-a)b/4 (b is the reflectivity of ‘BSB’). 
Except for the modal coupling with different OAMs, the conversion between 
cavity modes with different frequencies (but the same OAM) should also be achieved. 
For this requirement, the length of four loops in the frequency cavity should be equal 
to L (neglected global coupling phase 0
/i L c
e

). Additionally, each loop possesses an 
electro-optic phase modulators (EOMs) to induce time-dependent transmissions50-53. 
There are two different transmission coefficients induced by EOMs, which can be 
expressed as: 
[cos( ) sin( )]M Mi t i tT e
    , where ΩM is the modulation frequency and β 
denotes the modulation amplitude. In the presence of a travelling signal 
i te  , the 
transmitted wave can be expressed as: 
( )Mi ti t i tTe e e
     . It is clearly shown that 
the proposed EOM can change the modal frequency by either ΩM or -ΩM. Combining 
this dynamically modal control and suitable polarization manipulations, the ideal 
inter-cell coupling along frequency dimension (0deg 1l

45deg, 135deg 1l

90deg, 45deg
1l

0deg and 90deg 1l

135deg) can be realized. 
In the weak modulation regime and without the detuning of the modulation 
frequency from the free-spectral range of the cavity (ΩM=Ω), the change of the modal 
amplitude after each round-trip with light passing through the EOM gives: 
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Here, the coupling coefficient is expressed as g=β[1-R(BSA)]*[1-R(BSB)]*R(BS1) 
=β(1-a)(1-b)/4. 
Combing the modal coupling relationship equations 1-3 within the designed 
cavity, the Hamiltonian of such a system can be expressed as: 
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where we set ħ=1. , ,l na 

 ( , ,l na  ) is the creation (annihilation) operator for the cavity 
mode with frequency n, OAM l and polarization θ. The Hamiltonian in equation 4 
presents the same form with that of the quadrupole topological insulator in real 
space24,25. In following parts, we assume that inter-cell couplings along frequency and 
OAM axes are identical g=κ. This requires the modulation strength and reflectivity of 
‘BSB’ to satisfy b=β/(1+β). 
In order to exhibit the higher-order topological effect in our designed synthetic 
space, the artificial boundaries along both frequency and OAM axes should be 
included. This is not a trivial problem since the boundaries are not real. We can follow 
the previous work to introduce the frequency boundary by coupling with a secondary 
cavity as proposed in ref.51. And, the key of creating the OAM boundary is the design 
of holes in BSs, which is systematically analyzed in ref.45. Actually, there are many 
factors limiting the size of the synthetic lattice, for example, the effective operation 
range of the optical elements. Here, we assume that frequency boundaries locate at 
n=±5 and OAM boundaries are chosen as l=0 and l=10. In this case, the finite lattice 
model with open boundary condition is generated in the synthetic space where totally 
484 sites (11 resonant frequencies, 11 OAMs and 4 polarizations) exist in this system. 
To illustrate the relationship between the topological property and the ratio between 
inter- and intra-cell coupling in synthetic dimensions, we plot the evolution of 
eigenspectrum of Hamiltonian (equation 4) with different values of g/χ (χ is 
normalized to be 1), as shown in Fig. 2a. For the practical realization of these 
different coupling relations, the reflectivities of “BSA” and “BSB” should be suitably 
adjusted. We find that there is neither edge nor corner state within the trivial bulk 
band gap when g<χ [b<0.5a/(1-a)]. And, the topological phase transition appears at 
the point with g=χ where the bulk band gap gets closed. Beyond the transition point 
(g>χ), the bulk gap opens again. Then, both edge and midgap corner states appear. 
This can be further shown in Fig. 2b where the corresponding eigenvalues at g=8 
[b=4a/(1-a)] are plotted. It is find that both fourfold degenerate ‘zero-energy’ corner 
states and gapped edge states exist in this topologically non-trivial band gap. To 
clearly illustrate the midgap corner and edge states, in Fig. 2c and 2d, the distribution 
of the corner (E=0) and edge (E=8) states in the synthetic space are plotted. As expect, 
the eigenmode is highly localized at corners or edges within the finite lattice model in 
synthetic spaces that is the same as the actual quadrupole topological insular in real 
spaces.  
 
 
Figure 2 | Eigenspectrum and eigenmodes for the synthetic quadrupole topological insulator. 
(a) The evolution of eigenspectrum with different values of g/χ (χ=1). (b) The eigenspectrum at 
g=8. (c) and (d) The modal distribution of corner and edge states in the synthetic space. 
 
Topologically protected evolution of corner state in synthetic spaces. To 
characterize the evolution of corner and edge states in the synthetic space, we perform 
numerical simulation of output fields from the designed optical cavity. The general 
coupled-mode equations for our designed synthetic quadrupole topological insulators 
with the consideration of input and output ports can be expressed as: 
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where γ/2 is the decay rate through the coupling between the optical cavity and the 
input-output channel. We assume that all cavity modes couple to the input-output 
channel with equal rates. , ,l n
inS
  ( , ,
out
l n
S
 ) is the input (output) modal amplitude at 
frequency n, OAM l and polarization θ. The artificial boundary in the synthetic space 
is chosen as n=±5, l=0 and l=10. Here, we only focus on the case that the polarization 
angle of input signal is 0deg. Similar results with other input polarizations are 
provided in the Supplementary Information. 
In our simulations, we set the coupling rate between the input (and output) port 
and the optical cavity as γ=0.1. And, all other parameters are identical with those used 
in the calculation of eigenspectrum shown in Fig. 2a. To effectively excite the 
synthetic corner state, the input signal should locate at the corner (left-up) of the 
synthetic space. No corner excitation appears when the input state locates in the bulk 
of the synthetic space (see Supplementary Information). Figs. 3a-3c show the 
steady-state modal distribution with the value of g(χ) being 1(1), 2(1) and 8(1), 
respectively. The input signal is selected as 10, 5,0
0in i tS e

  (‘zero energy’ excitation). 
We find that no corner localization appears when the coupling strength satisfied the 
relationship of g=χ. This is due to the fact that no band gap exists in this case. While, 
with increasing the value of g/χ, the concentration of the output optical mode at the 
corner of the synthetic space appears. Additionally, the modal profile is completely 
the same as the midgap corner state, as shown in Fig. 2c. Moreover, the larger the 
value of g/χ is, the more significant localization appears at the corner of the synthetic 
space. If g/χ<1, corner states cannot be excited in the trivial band gap (see 
Supplementary Information). Except for the corner excitation, the synthetic edge state 
can also be excited with suitable input signals (see Supplemental Information). 
The most important property of the topologically-protected corner state is that it 
is robust with disorders. To illustrate this phenomena, we calculate the steady-state 
solution of the output field with significant disorders on g/χ at different lattice sites. 
The configuration average (10 times) is performed to eliminate the accidental result in 
the disorder system. The results are shown in Fig. 3d. We find that sharply localized 
output fields at the corner of the synthetic space still exist at zero energy when the 
values of g(χ) on different lattice sites are randomly selected ranging from 4(0.5) to 
16(2). It clearly reveals the robustness of the corner state for the synthetic quadrupole 
topological insulator. 
 
 
Figure 3 | Evolution of corner state in synthetic spaces. (a)-(c) The steady-state modal 
distribution with the value of g(χ) being 1(1), 2(1) and 8(1), respectively. (d) The steady-state 
modal distribution of corner state under the influence of disorder where g(χ) are randomly selected 
ranging from 4(0.5) to 16(2) between different lattice sites. 
 Topologically protection of multi-photon entangled states with synthetic corner 
state. A fascinated potential application of our designed synthetic quadrupole 
topological insulator is the realization of topological protection of multi-photon 
entangled states. The robust propagation of multi-photon entangled states are crucial 
for applications in quantum information, computing and communications. Based on 
the corner state in the designed synthetic quadrupole topological insulator, the 
topologically protected entanglement between two, three and four photons states may 
be realized. To illustrate this effect, in the following, we focus on the quantum state 
composed of four photons, where the frequencies, OAMs and polarizations are 
entangled. The results for two and three photons are provided in the Supplementary 
Information. The single photon state should be selected at four corners in the synthetic 
space that are φ0 (l=10 n=-5 θ=0), φ45 (l=10 n=5 θ=45), φ90 (l=0 n=5 θ=90) and φ135 
(l=0 n=-5 θ=135). In this case, as an example, the input entangled four photons state 
can be expressed as: 
45 450 90 135 90 135 0
1
| (|1 ,2 ,3 ,4 |1 ,2 ,3 ,4 )
2
            .        (7)  
In Fig. 4a, we plot the numerical result of the steady-state output photons state with 
“zero energy” excitation when the system parameters are the same as those used in 
Fig. 3c. It is clearly shown that the output mode of four photons are still located at the 
initial state at the corner of the synthetic space. Hence, the input entangled state is 
preserved. Moreover, when the significant disorders are introduced in this synthetic 
quadrupole topological phase (g(χ) are randomly selected ranging from 4(0.5) to 16(2) 
on different lattice sites), as shown in Fig. 4b, we find that the output modes of four 
photons are still positioned at four corners in the synthetic space. The configuration 
average (10 times) has been performed. Consequently, we note that the propagation of 
the entangled multi-photon state is robust with disorders within the synthetic 
quadrupole topological insulators. 
 Figure 4 | Evolution of multi-photon entangled states with the excitation of synthetic corner 
state. (a) The steady-state solution of the output four photons state with the value of g(χ) being 
8(1). (b) The steady-state modal distribution of output four photons state under the influence of 
disorder where g(χ) are randomly selected ranging from 4(0.5) to 16(2) on different lattice sites. 
 
Discussion. Although the theoretical aspects of synthetic quadrupole topological 
insulator are only discussed in the present work, the designed 0D optical cavity with 
frequency, OAM and polarization control may be actually realized in experiments. In 
the free-space optics, we may let the central frequency ω0 and the length of the optical 
cavity L to be 100THz and 1~10m, respectively. The modal spacing and modulation 
frequency of EOM are nearly ranging from 10 to 100MHz≪ω051. With this dense 
cavity modes distribution, the dispersion effect can be neglected for a large different 
frequencies of cavity modes. However, it is important to note that the losses in all 
optical elements can lead to a broadening of the cavity mode, which can make the 
dense cavity mode become undistinguishable. To solve this problem, we can placing 
an amplifier in the optical path to increase the quality factor of the cavity mode 
without lasing (decrease the linewidth of the cavity mode). On the other hand, to 
realize the non-trivial coupling conditions (g=κ>χ), the reflectivities of ‘BSA’ and 
‘BSB’ should be suitably tuned to satisfy the relationship of b=β/(1+β)>0.5a/(1-a). In 
our weak modulation range β≪1, the reflectivities of ‘BSA’ and ‘BSB’ are also needed 
to be low. Additionally, the required polarization and phase control can also be 
directly achieved using traditional optical elements, such as polarizer, liquid crystal 
retarder and quarter-wave plate. The most difficult procedure in our system is 
introducing “boundaries” in the synthetic space. We can follow the previous work to 
introduce the frequency boundary by coupling with a secondary cavity51. And, 
creating the OAM boundary by designing holes in BSs45.  
In conclusion, we have theoretically designed the first photonic quadrupole 
topological insulator in 2D synthetic spaces with the utilization of 0D optical cavities. 
The coupling between optical cavity modes with different frequencies, OAMs and 
polarizations are used to fulfill the corresponding tight-binding lattice model in the 
synthetic space. The numerical results based on the coupled-mode theory 
demonstrated that the steady-state solution at “zero energy” of the output field from 
the synthetic quadrupole topological insulator is totally located at the corner of the 2D 
synthetic spaces even if significant disorders exist. By using the robust corner state in 
the synthetic spaces, the topological protection of multi-photon entangled state is 
proved. Our designed synthetic photonic quadrupole topological insulators propose a 
unique platform to explore higher-order topological photonics and offer possibilities 
for robust shaping of light in synthetic dimensions. 
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S1: The steady-state output solution with the input polarization angle being 45deg, 90deg 
and 135deg. 
In this part, we consider the steady-state output solution with the input polarization angle 
being 45deg, 90deg and 135deg, respectively. The structural parameters used here are the 
same with the result in Fig. 3(c). When the incident signal is 
10,5,45
1inS  , the general 
coupled-mode equations can be expressed as: 
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Fig. S1(a) plots the corresponding steady-state solution. It is clearly shown that the output 
cavity modes are located at the corner of the synthetic space. The results with the input signal 
being 
0,5,90
1inS   and 
0, 5,135
1inS

  are presented in Fig. S1(b) and S1(c), respectively. The 
corresponding coupled-mode equations can be expressed as: 
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We find that the output fields are always located at the corner of the synthetic space. These 
phenomena are complete consistent with the property of corner state in the synthetic 
quadrupole topological insulators. 
 
FIG. S1 (a)-(c) The steady-state modal distribution with the input signal being 
10,5,45
1inS  , 
10, 5,90
1inS

  
and 
0, 5,135
1inS

 , respectively. 
S2: The steady-state output solution of the trivial insulator and the input signal locates in the 
bulk of synthetic spaces. 
For comparison with the system with topologically non-trivial bulk band gap, in Figs. 
S2(a) and 2(b), we plot the output steady-state modal distribution with the value of g(χ) being 
1(2) and 1(5), respectively. In this case, the intra-cell coupling is larger than the inter-cell 
coupling in the synthetic lattice model, and the system becomes a trivial insulator without 
corner or edge state in the band gap. The used input signal is selected as 
10, 5,0
0in i tS e

 . It is 
clearly shown that the localized output cavity modes in the synthetic space also exists. While, 
this localization is only resulting from the bulk band gap effect (the output modal pattern is 
different from the midgap corner state), and no topologically induced corner state can be 
excited. 
In the following, we calculate the steady-state output solution when the input state is 
located in the bulk of synthetic spaces 
2, 3,0
0in i tS e

 . Figs. S2(c) and S2(d) represent the 
corresponding steady-state modal distribution with the value of g(χ) being 1(1) and 2(1), 
respectively. We find that the extended modal distribution in the synthetic space appears with 
g/χ=1 due to the corresponding gapless bulk band. When the value of g/χ gets increased, the 
bulk band gap opens. In this case, the output modes are localized near the source since the 
energy is in the bulk band gap.  
 
FIG. S2 (a) and (b) The steady-state modal distribution with the value of g(χ) being 1(2) and 1(5), 
respectively. The input mode is selected as 
10, 5,0
1inS

 . (c) and (d) The steady-state modal 
distribution with the value of g(χ) being 1(1) and 2(1), respectively. The input mode being 
selected as
2, 3,0
0in i tS e

 . 
S3: The steady-state output solution with the excitation of edge state. 
Here, we calculate the steady-state modal distribution with the input mode being 
10, 5,0
8in i tS e

 . In this case, according to the eigenspectrum shown in Fig. 2(b), the edge state in 
the synthetic space can be excited. This can be clearly seen in Fig. S3(a) where the output 
cavity modes are completely located at the edges of the synthetic space. On contrary to the 
corner state, the excited edge state is significantly disturbed by the disorder, as shown in Fig. 
S3(b). 
 
FIG. S3 (a) The steady-state modal distribution with the value of g(χ) being 1(8). (b) The 
steady-state modal distribution of edge state under the influence of disorder where g(χ) is randomly 
selected ranging from 4(0.5) to 16(2). The input mode is selected as 
10, 5,0
8in i tS e

 . 
S4: The topological protection of entangled two and three photons states. 
In this part, we focus on the quantum state with two and three entangled photons. The 
corresponding input entangled states, as an example, can be expressed as: 
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In Figs. S4(a) and 4(b), we plot the numerical results of the output photons state with “zero 
energy” excitation. We find that the output state of two or three photons are mainly located at 
the corner of the synthetic space. Hence, the input entangled states are preserved. When the 
significant disorders are introduced [g(χ) are randomly selected ranging from 4(0.5) to 16(2) 
between different lattice sites], the output modes of two and three photons are still positioned 
at corners in the synthetic space, as shown in Figs. S3(c) and S3(d). The configuration 
average (10 times) is also performed. In this case, the propagation of the entangled two and 
three photons states is robust with disorders in our designed synthetic quadrupole topological 
insulators. 
 
FIG. S4 (a) and (b) The steady-state solution of the output two and three photons states with the 
value of g(χ) being 8(1). (c) and (d) The steady-state modal distribution of output two and three 
photons states under the influence of disorder where g(χ) are randomly selected ranging from 
4(0.5) to 16(2) between different lattice sites. 
